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Local NMR relaxation rates T1−1 and T2−1 depending on the d-vector symmetry
in the vortex state of chiral and helical p-wave superconductors
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Local NMR relaxation rates in the vortex state of chiral and helical p-wave superconductors are investigated
by the quasiclassical Eilenberger theory. We calculate the spatial and resonance frequency dependences of the
local NMR spin-lattice relaxation rate T1−1 and spin-spin relaxation rate T2−1 . Depending on the relation between
the NMR relaxation direction and the d-vector symmetry, the local T1−1 and T2−1 in the vortex core region
show different behaviors. When the NMR relaxation direction is parallel to the d-vector component, the local
NMR relaxation rate is anomalously suppressed by the negative coherence effect due to the spin dependence
of the odd-frequency s-wave spin-triplet Cooper pairs. The difference between the local T1−1 and T2−1 in the
site-selective NMR measurement is expected to be a method to examine the d-vector symmetry of candidate
materials for spin-triplet superconductors.
DOI: 10.1103/PhysRevB.97.134507
I. INTRODUCTION

The spin-triplet superconductors have attracted much attention since exotic states such as odd-frequency Cooper pairs
and Majorana states are expected to be induced at the vortex
core and surface regions. Although ruthenate superconductor
Sr2 RuO4 , heavy fermion superconductor UPt3 , and other materials have been suggested as spin-triplet superconductors by
many experimental and theoretical studies [1–6], the d-vector
symmetries have not been identified. The d-vector symmetry
was discussed to explain experimental observations such as
magnetic field orientation dependences of the Knight shift
[4,5] and the Pauli-limit behavior of Hc2 [6]. In addition to
these approaches, we need new methods to clarify the d-vector
symmetry in the spin-triplet superconductors.
In the spin-triplet chiral p-wave superconductors, the theoretical studies for the local NMR spin-lattice relaxation rate
T1−1 revealed that the local T1−1 in the vortex core region is
anomalously suppressed [7–9]. The previous studies based on
the Eilenberger theory found the site and resonance frequency
dependences of T1−1 , and the anomalous suppression of the
local T1−1 is derived from the negative coherence effect related
to the odd-frequency s-wave spin-triplet Cooper pairs [10].
Experimentally, the local T1−1 were detected by the siteselective NMR measurements for high-Tc superconductors
[11–13] and the conventional superconductor [14]. As shown
in Fig. 1(a), the local T1−1 (r) as a function of internal field B(r)
at the same position r can be observed by tuning the resonance
frequency among the resonance line shape, since the internal
field is in proportion to the resonance frequency. The spectrum
of B(r) in Sr2 RuO4 is observed by μSR measurement [15].
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In the uniform state of three-dimensional chiral superconductors with strong spin-orbit coupling and odd-parity pairing,
significant suppression of the NMR relaxation rate is suggested
for nuclear spins polarized along the nodal direction as a
consequence of the spin-selective Majorana nature of nodal
quasiparticles [16].
At the surface of the superfluid 3 He B phase, the oddfrequency s-wave spin-triplet Cooper pairs were studied in
relation to the static spin susceptibility [17], and Ising-type
spin relaxation was discussed in relation to the Majorana
state [18]. In addition, a strong relation between the Majorana
zero-energy mode and the odd-frequency Cooper pair has
been revealed [19–22]. These spin-dependent surface states
have information of the pairing symmetry, and are expected
to be studied also in the vortex core states in spin-triplet
superconductors. Since the NMR relaxation rate can prove
the direction of the conduction electrons’ spin, we expect
that the d-vector structure in the vortex state is detected by
site-selective NMR measurement with orientation control of
the NMR relaxation direction. As shown in Fig. 1(b), for
relaxation direction δM parallel (perpendicular) to the static
applied field H , we observe the NMR spin-lattice relaxation
rate T1−1 (the NMR spin-spin relaxation rate T2−1 ) [23–25].
When applied fields H are along the z direction, T1−1 by δMz
comes from the xy component of dynamical spin susceptibility
χxx + χyy . And T2−1 is from χzz + χyy if δMx. Therefore, the
difference between T1−1 and T2−1 may reflect the orientation of
the d vector in spin-triplet superconductors.
In this paper, we study the local NMR relaxation rates
T1−1 and T2−1 in the vortex state of chiral and helical pwave superconductors. For chiral p-wave superconductors,
we consider the two types of chiral p-wave states, dz and
dx, where the direction of the d vector indicates the z and x
axis, respectively. In particular, we discuss how the relaxation
rates depend on the direction of the NMR relaxation directions,
calculating the site r and internal field B dependences of T1−1
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superconductors including Sr2 RuO4 , the quasiclassical condition is well satisfied.
For simplicity, we consider the chiral or the helical p-wave
pairings on the two-dimensional cylindrical Fermi surface,
k = (kx ,ky ) = kF (cos θk , sin θk ), and the Fermi velocity v F =
vF0 k/kF . In the following, the hat symbol indicates the 2×2
matrix in spin space and the check symbol indicates the 4×4
matrix in particle-hole and spin spaces.
To obtain quasiclassical Green’s functions ǧ(iωn ,r,k) in the
vortex lattice state, we solve the Riccati equation derived from
the Eilenberger equation [26,27]
ˇ
−iv·∇ ǧ(iωn ,r,k) = 21 [i ω̃n τ̌3 − (r,k),
ǧ(iωn ,r,k)]

f

FIG. 1. (a) The Redfield pattern of the resonance line shape of
the NMR, P (B), for chiral p-wave pairing at H /Hc2  0.023 and
T /Tc0 = 0.5. The resonance line shape is derived from the distribution
of the internal magnetic field B(r)/H presented in the inset. B(r)/H
is in proportion to the resonance frequency f . In the inset, an arrow
indicates radius r from the vortex center along the next-nearestneighbor vortex direction. For example, the intensity at the maximum
(minimum) B(r)/H comes from the vortex center (midpoint) at the
r = 0.0ax (r = 0.5ax ) region, and the peak intensity corresponds to
the signal from the saddle point of the internal fields at the radius
r = 0.3ax far from the vortex center. (b) Schematic picture of the
 and the static
relation between the NMR relaxation direction δM
field H in the cases of T1−1 and T2−1 .

in the clean limit, where r is the center-of-mass coordinate
of the pair, v = v F /vF0 , τ̌3 is the Pauli matrix defined in
Eq. (A3), and i ω̃n = iωn − v· A with Matsubara frequency ωn .
The quasiclassical Green’s functions and order parameter are
described by


ĝ(iωn ,r,k)
i fˆ(iωn ,r,k)
ǧ(iωn ,r,k) = −iπ
, (2)
−i fˆ¯(iωn ,r,k) −ĝ(iωn ,r,k)


ˆ
0
(r,k)
ˇ
,
(3)
(r,k) =
ˆ † (r,k)
0
−
ˆ are, respecwhere ǧ 2 = −π 2 1̌. The spin spaces of ĝ and 
tively, defined by the matrix elements
gσ σ  (iωn ,r,k)



= g0 (iωn ,r,k)1̂ +
gμ (iωn ,r,k)σ̂μ

σ σ  (r,k) = i

μ=x,y,z


μ=x,y,z

and T2−1 . These results help us to investigate the d-vector
symmetry of chiral and helical p-wave superconductors by
site-selective NMR measurement.
This paper is organized as follows. After the introduction,
we describe our formulation of the quasiclassical Eilenberger
equation in the vortex lattice state and the calculation method
for the local NMR relaxation rates T1−1 and T2−1 in Sec. II.
The derivations of T1−1 and T2−1 are explained in Appendix A
based on the Eilenberger theory. In Sec. III, we investigate the
site and B dependences of local T1−1 and T2−1 in the chiral
and helical p-wave superconductors to find the relation to the
d-vector symmetry. In Sec. IV and Appendix B, to understand
the d-vector dependence, we discuss the site dependence of
the coherence terms and the odd-frequency s-wave spin-triplet
Cooper pairs around a vortex. The last section is devoted to the
summary.
II. FORMULATION

We calculate the spatial structure of vortices in the vortex
lattice state by quasiclassical Eilenberger theory. The quasiclassical theory is valid when the atomic scale is small enough
compared to the superconducting coherence length. For many

(1)

,

(4)

σσ



[dμ (r,k)·σ̂μ ]σ̂y

,

(5)

σσ

where σ,σ  = ↑(up-spin) or ↓(down-spin), and dμ is the μ
component of the d vector. In addition, the matrix elements of
the order parameter are defined by
σ σ  (r,k) = +,σ σ  (r)φp+ (k) + −,σ σ  (r)φp− (k)

(6)

with the order parameter ±,σ σ  (r) and the pairing function
φp± (k) = kx ±iky for the p± state.
Length, temperature, and magnetic field are, respectively,
measured in units of ξ0 , Tc0 , and B0 . Here, ξ0 = h̄vF0 /2π kB Tc0
and B0 = φ0 /2π ξ02 with the flux quantum φ0 . Tc0 is the
superconducting transition temperature at a zero magnetic
field. The energy E, pair potential , and ωn are in units of
π kB Tc0 . In the following, we set h̄ = kB = 1. In this paper, our
calculations are performed at H /B0 = 0.02 and T = 0.5Tc0 .
In the chiral p-wave and helical p-wave states at T = 0.5Tc0 ,
the upper critical fields Hc2 /B0  0.85.
We set the magnetic field along the z axis, where the vector
potential A(r) = 21 H × r + a(r) in the symmetric gauge.
H = (0,0,H ) is a uniform flux density, and a(r) is related
to the internal field B(r) = (0,0,B(r)) = H + ∇ × a(r). The
unit cell of the vortex lattice is set as a square lattice [1]. From
the distribution of B(r), we calculate the resonance
line shape

called the Redfield pattern given by P (B) = δ[B − B(r)]d r
in Fig. 1.
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ˆ
To determine the pair potential (r)
and the quasiclassical
Green’s functions self-consistently, we calculate the order
ˆ ± (r) by the gap equation
parameter 
ˆ ± (r) = gN0 T




∗
φp±
(k)fˆ(iωn ,r,k) k ,

following Refs. [8,10], T1−1 is given by

(7)
=

|ωn |ωcut

where . . .k indicates Fermi-surface average, (gN0 )−1 =
ln T + 2T 0<ωn ωcut ωn−1 , and we use ωcut = 20kB Tc0 . In
Eq. (7), p-wave pairing interaction is isotropic in spin space.
For the self-consistent calculation of the vector potential for
the internal field B(r), we use the current equation
∇ × (∇ × A) = −

2T 
vIm{g0 }
κ 2 0<ω

ff

∞

gg

−1

ff

Wsl (E,r) + Wsl (E,r)
dE,
4T cosh2 (E/2T )
−∞

(9)

where
gg

22
Wsl (E,r) = a↓↓
(E,r,k)

k

11
a↑↑
(−E,r,k) k ,

ff

21
(E,r,k)
Wsl (E,r) = − a↓↑

k

12
a↑↓
(−E,r,k)

(10)
k

(11)

with
k

(8)

n

√
with the Ginzburg-Landau parameter κ = B0 /π kB Tc 8π N0 .
In our calculations, we use κ = 2.7 appropriate to Sr2 RuO4
as a candidate material for the chiral or helical p-wave
superconductor. The results of this paper are not changed
qualitatively by the choice of the Ginzburg-Landau parameter
as long as a type-II superconducting vortex state is maintained.
We iterate calculations of Eqs. (1), (7), and (8) for ωn until
ˆ
we obtain the self-consistent results of A(r), (r,k),
and the
quasiclassical Green’s functions in the vortex lattice state.
In the chiral p-wave superconductors, we only consider the
p− state, i.e., antiparallel vortex state, since the antiparallel
vortex state is stable compared to the parallel vortex state
[28,29]. For variety of d-vector orientation, we calculate
two types of chiral p-wave states, dz and dx, which are,
respectively, defined by d(k) ∝ (kx − iky )ẑ and (kx − iky )x̂.
In the helical p-wave superconductors, we set the d vector
as d(k) ∝ kx x̂ + ky ŷ = φp+ (k)d − + φp− (k)d + in the uniform
state at zero field, with d ± (k) = 21 (1,±i,0). Thus, when we
iterate calculations of Eqs. (1), (7), and (8), as an initial value,
the d vector is set to be d(r,k) = (r)d(k) where (r) is the
Abrikosov vortex lattice solution.
ˆ
Next, using the self-consistently obtained A(r) and (r),
we calculate ǧ(iωn ,r,k)|iωn →E±iη for real energy E by solving
Eilenberger Eq. (1) with iωn → E ± iη. In this paper, we define the retarded and advanced Green’s functions ǧ R (E,r,k) =
ǧ(iωn ,r,k)|iωn →E+iη and ǧ A (E,r,k) = ǧ(iωn ,r,k)|iωn →E−iη ,
respectively. η is a small parameter, and we use η = 0.01.
We use the components of ǧ R (E,r,k) and ǧ A (E,r,k) to
numerically calculate local (T1 T )−1 and (T2 T )−1 in the vortex
lattice state.

1 R
g  (E,r,k) − gσAσ  (E,r,k) ,
2 σσ
1
aσ22σ  (E,r,k) = ḡσRσ  (E,r,k) − ḡσAσ  (E,r,k) , (12)
2
i
aσ12σ  (E,r,k) = fσRσ  (E,r,k) − fσAσ  (E,r,k) ,
2
i
aσ21σ  (E,r,k) = f¯σRσ  (E,r,k) − f¯σAσ  (E,r,k) ,
2
where σ,σ  = ↑(up-spin) or ↓(down-spin). Tc (<Tc0 ) is superconducting transition temperature at a finite magnetic field, and
R
ḡˆ (E,r,k) = ĝ R (−E,r,k). In Eq. (9), (T1 T )−1 is divided into
gg
two contributions, the density of state (DOS) term (T1 T )−1
gg
ff
ff
from Wsl and the coherence term (T1 T )−1 from Wsl .
aσ11σ  (E,r,k) =

B. NMR spin-spin relaxation rate T2−1

From the field theory of NMR relaxation rate [24], we
derive the NMR spin-spin relaxation rate T2−1 by δM  x
from the dynamical spin susceptibility χyy + χzz , based on the
Eilenberger theory. Since χyy gives 21 T1−1 , T2−1 is given in the
form
−1
,
T2−1 = 21 T1−1 + 21 T2zz

(13)

−1
where 21 T2zz
is the contribution from χzz . In the following, we
−1
focus on T2zz
instead of T2−1 .
−1
is given by
As described in Appendix A, T2zz
−1

gg

ff

+ T2zz (T )T
1 [T2zz (T )T ]−1
1 T2zz (T )T
=
−1
2 [T2zz (Tc )Tc ]
2
[T2zz (Tc )Tc ]−1
=


Sσ σ 
σσ

A. NMR spin-lattice relaxation rate

−1

gg

T (T )T
+ T1 (T )T
[T1 (T )T ]−1
= 1
−1
[T1 (Tc )Tc ]
[T1 (Tc )Tc ]−1

∞

gg

−1

ff

Wσ σ  (E,r)+Wσ σ  (E,r)
dE,
16T cosh2 (E/2T )
−∞

T1−1

(14)

We consider the conventional form of the local hyperfine
fields from the conduction electrons [24]. Therefore, relaxation
rates T1−1 and T2−1 of the nuclear magnetization are affected
by the dynamical spin susceptibility of the local electronic
state, which reflects spin states of the odd-frequency s-wave
spin-triplet Cooper pairs at the atomic site in the vortex core
region, as discussed later.
The NMR spin-lattice relaxation rate T1−1 by δM  z is
calculated from xy components of dynamical spin susceptibility, χxx + χyy ∝ χ−+ , Therefore, as described in Appendix A

where
gg

Wσ σ  (E,r) = aσ22σ  (E,r,k) k aσ11σ  (−E,r,k) k ,
ff

Wσ σ  (E,r) = − aσ21σ  (E,r,k) k aσ12σ  (−E,r,k) k ,

(15)
(16)

Sσ σ  = 1 when σ = σ  , and Sσ σ  = −1 when σ =σ  . Also
in Eq. (14), (T2zz T )−1 is divided into two contributions of
gg
gg
the DOS term (T2zz T )−1 from Wσ σ  and the coherence term
ff
ff
(T2zz T )−1 from Wσ σ  .
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FIG. 2. r dependence of (T1 T )−1 and (T2zz T )−1 in (a) the chiral pwave dz, (b) the chiral p-wave dx, and (c) the helical p-wave states.
The dashed lines are for (T2 T )−1 = (T1 T )−1 /2 + (T2zz T )−1 /2. The
insets show the spatial distribution of (T1 T )−1 in each state. H /Hc2 
0.023 and T /Tc0 = 0.5.

In the spin-singlet pairing state and the normal state, T1−1 =


gg
gg
ff
−1
T2zz
, since
and
σ σ  Wσ σ  = 2Wsl
σ σ  Wσ σ  =

T2−1 =
ff
2Wsl .

III. SITE AND INTERNAL FIELD DEPENDENCES
OF LOCAL NMR RELAXATION RATES

First, we study the local NMR relaxation rates [T1 (r)T ]−1 ,
[T2 (r)T ]−1 , and [T2zz (r)T ]−1 as a function of radius r on
a line between next-nearest-neighbor (NNN) vortices in the
vortex state of chiral and helical p-wave superconductors. The
results are presented in Fig. 2. At the outside of the vortex
core region r/ax > 0.25, the difference between (T1 T )−1 and
(T2zz T )−1 is very small in all pairing cases in Fig. 2. Therefore,
we cannot obtain information about the d-vector symmetry
from the observation of (T1 T )−1 and (T2 T )−1 in the uniform
superconductivity outside of vortex cores.
On the other hand, in the vortex core region r/ax < 0.25, we
can see the obvious difference between (T1 T )−1 and (T2zz T )−1 .
In Fig. 2(a) for the chiral p-wave dz state, (T1 T )−1 shows
the anomalous suppression of the relaxation rate around the
vortex core [10], but (T2zz T )−1 shows enhancement at the

vortex core. The enhancement reflects the accumulation of
low-energy quasiparticles around the vortex core. In Fig. 2(b)
for the chiral p-wave dx state, at the vortex core (T2zz T )−1
shows the anomalous suppression, and (T1 T )−1 shows the
enhancement. From the differences between Figs. 2(a)
and 2(b), we realize that the suppression of the relaxation rate
occurs when the d vector is parallel to the NMR relaxation
direction δM. Therefore, we can extract information about
the d-vector orientation from comparative observation of T1−1
and T2−1 at the vortex core region in the site-selective NMR
measurement.
In Fig. 2(c) for the helical p-wave state, the r dependences
of (T1 T )−1 and (T2zz T )−1 show similar enhancement at the
vortex core, but (T2zz T )−1 is smaller than (T1 T )−1 in the vortex
core. This is because the d vector in the helical p-wave pairing
is within the xy plane, and some components of the d vector
parallel to δM( x) partially contribute to the suppression of
(T2zz T )−1 .
Next, we study the internal field B dependence of local
(T1 T )−1 and (T2zz T )−1 in the vortex state of chiral and helical
p-wave superconductors to discuss how the difference between
T1−1 and T2−1 for each d-vector symmetry is detected in the siteselective NMR measurement. As presented in Fig. 3, the local
[T1 (r)T ]−1 is plotted as a function of B(r) at the same position
r. The signal from the higher (lower) field comes from inside
(outside) of the vortex core. In Fig. 3(a) for the chiral p-wave
dz state, (T1 T )−1 shows monotonically decreasing behavior
as a function of B. (T2zz T )−1 shows also decreasing behavior
in the range B1, but in high-field ranges (T2zz T )−1 shows
increasing behavior towards a large value at the vortex center.
In Fig. 3(b) for the chiral p-wave dx state, (T2zz T )−1 shows
similar monotonic decreasing behavior to those of (T1 T )−1 in
Fig. 3(a). On the other hand, (T1 T )−1 in Fig. 3(b) shows similar
enhancement at the vortex core but the magnitude is smaller,
compared to that of (T2zz T )−1 in Fig. 3(a). In Fig. 3(c) for the
helical p-wave state, (T1 T )−1 and (T2zz T )−1 show decreasing
behavior as a function of B in the range B  1.5, but these
relaxation rates show increasing behavior in high-field ranges.
The magnitude of (T2zz T )−1 is about half of (T1 T )−1 .
Therefore, the NMR relaxation rates show different behavior between (T1 T )−1 and (T2zz T )−1 at the vortex core region
in chiral p-wave dz, chiral p-wave dx, and helical p-wave
states. The reason for this difference is related to the negative
coherence effect and the odd-frequency spin-triplet Cooper
pairs around the vortex center, as discussed in the next section.

IV. NEGATIVE COHERENCE EFFECT
AND ODD-FREQUENCY s-WAVE SPIN-TRIPLET
COOPER PAIRS

To discuss the reason for the differences in anomalous
suppressions of the NMR relaxation rates between cases
presented in Figs. 2 and 3, we show the site dependence of
ff
ff
the coherence terms (T1 T )−1 and (T2zz T )−1 with the DOS
gg
−1
term (T1 T ) , and the amplitudes of odd-frequency s-wave
spin-triplet Cooper pairs around the vortex core in the chiral
and helical p-wave superconductors. The results are presented
in Fig. 4 along the NNN direction, and summarized in Table I.
We note that the local NMR relaxation rate is divided into two
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FIG. 3. Points are for the B dependence of (T1 T )−1 and (T2zz T )−1
in (a) the chiral p-wave dz, (b) the chiral p-wave dx, and (c) the
helical p-wave states, corresponding to the cases in Fig. 2. Only data
points for (T1 T )−1  1.2 are presented. H /Hc2  0.023 and T /Tc0 =
0.5. In (a), (b), and (c), solid line indicates the Redfield pattern of the
resonance line shape P (B) in Fig. 1(a) for the chiral p-wave dz and
dx states and helical p-wave states, respectively. These are almost
on the same line.

contributions of the DOS term and the coherence term so that
gg
ff
1/T1(2zz) = 1/T1(2zz) + 1/T1(2zz)
As shown by a black solid line in Fig. 4(a) for the chiral
gg
p-wave dz state, the DOS term (T1 T )−1 is enhanced with
gg
approaching the vortex center, because (T1 T )−1 reflects the
low-energy local DOS of bound states around the vortex. We
gg
note that (T1 T )−1 is a small but finite value even at the outside,
r/ax ∼ 0.2, since the bound states have small tails extending

toward the outside of the vortex core. The r dependences of
gg
gg
(T1 T )−1 and (T2zz T )−1 show similar behavior also for the
chiral p-wave dx state and the helical p-wave state.
gg
gg
Compared to (T1 T )−1 and (T2zz T )−1 , contributions of the
ff
ff
coherence terms (T1 T )−1 and (T2zz T )−1 in Fig. 4(a) are
negligible in the outside region of the vortex core, but become
comparative contributions with approaching the vortex center.
ff
For the chiral p-wave dz state, (T1 T )−1 is negative and
ff
(T2zz T )−1 is positive. The former negative contributions are the
origin of the anomalous suppression of (T1 T )−1 at the vortex
core [10], and the latter further enhances (T2zz T )−1 at the vortex
ff
ff
core. Their magnitudes satisfy |(T1 T )−1 | ∼ |(T2zz T )−1 | in
the whole range of r in Fig. 4(a). At the vortex center,
ff
gg
(T1 T )−1 ∼ −(T1 T )−1 ∼ − 24.7.
For the chiral p-wave dx state, the r dependence of
ff
ff
(T2zz T )−1 is the same as (T1 T )−1 in the chiral p-wave dz
ff
gg
state. At the vortex center, (T2zz T )−1 ∼ −(T2zz T )−1 ∼ − 24.7.
−1
Therefore, (T2zz T ) in the dx state shows similar anomalous
suppression at the vortex core to those of (T1 T )−1 in the dz
state. The anomalous suppression at the vortex core occurs
when the NMR relaxation direction δMd. On the other hand,
ff
(T1 T )−1 = 0 in the dx state. Since the enhancement by
ff
(T1 T )−1 does not work, (T1 T )−1 in Fig. 3(b) is smaller than
(T2zz T )−1 in Fig. 3(a).
ff
For the helical p-wave state with dxy, (T1 T )−1 = 0,
ff
gg
and (T2zz T )−1 ∼ 21 (T2zz T )−1 . This is because of the similar
situation as in the chiral p-wave dx state. However, since
only part of the d vector is parallel to δM, near the vortex
ff
center −(T2zz T )−1 is smaller than that of the dx state. At the
ff
vortex center, |(T2zz T )−1 | ∼ 12.3 in the helical p-wave state.
ff
gg
In the relations (T1 T )−1 ∼ −(T1 T )−1 for the chiral
p-wave dz state, there are small deviations between them
in our numerical calculation at finite temperature. However,
as discussed in Appendix B, in the limit T → 0 we expect
ff
gg
(T1 T )−1 → −(T1 T )−1 so that (T1 T )−1 → 0. This is also
ff
gg
expected for the relations (T2zz T )−1 ∼ −(T2zz T )−1 for the
chiral p-wave dx state.
In the previous study for the local T1−1 in the chiral p-wave
dz state [10], it is revealed that the negative coherence term
ff
(T1 T )−1 , inducing the anomalous suppression of (T1 T )−1
around the vortex core, is related to the odd-frequency swave spin-triplet Cooper pair Fs (E = 0,r). In addition, we
ff
found that [T1 (r)T ]−1 = −|Fs (E = 0,r)|2 in the low-energy
limit at low T and the limit of the isolated vortex at low
ff
fields H , and the negative coherence term [T1 (r)T ]−1 tends
gg
−1
to cancel the local DOS term [T1 (r)T ] = N (E = 0,r)2 ,
where N (E = 0,r) is the local DOS. A previous study using
the Bogoliubov–de Gennes theory revealed the relation N (E =
0,r) ∝ |Fs,↑↓ (E = 0,r)| in the chiral p-wave dz state for
the vortex core quasiparticle states with Majorana zero-energy
mode [30].
The spin-resolved local DOS Nσ (E,r) is given by
Nσ (E,r) = Re gσRσ (E,r,k)

k

.

(17)

where σ = ↑ or ↓ [27]. The local DOS is defined as
2N (E,r) = N↓ (E,r) + N↑ (E,r). And the spin-dependent
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d||x

d||xy

2zz

d||z

2 zz

2 zz

2 zz

2 zz

2 zz

s

s

2 zz

FIG. 4. (a) r dependence of (T1 T )−1 and (T2zz T )−1 in the chiral and helical p-wave states. We plot −(T1 T )−1 and (T2zz T )−1 for the chiral
ff
ff
p-wave dz state, and −(T2zz T )−1 for the chiral p-wave dx state. These are on the same line. For the helical p-wave state, we plot −(T2zz T )−1 .
(b) r dependence of amplitude of odd-frequency s-wave spin-triplet Cooper pairs |Fs,σ σ  (E = 0,r)|. |Fs,↑↓ (E = 0,r)| = |Fs,↓↑ (E = 0,r)| for
the chiral dz state, |Fs,↑↑ (E = 0,r)| = |Fs,↓↓ (E = 0,r)| for the chiral dx state, and |Fs,↑↑ (E = 0,r)| for the helical state show similar
r dependence. In the inset, Fs,↓↓ (E = 0,r) for the helical state is suppressed in the vortex core region, compared to Fs,↑↑ (E = 0,r). For
gg
gg
comparison, (T1 T )−1 and (T2zz T )−1 , and Nσ (E = 0,r), for the each state are presented by a black solid line in (a) and (b), respectively.
ff

ff

ff

s-wave Cooper pair is given by
Fs,σ σ  (E,r) = φs∗ (k)fσRσ  (E,r,k) k

(18)

with the s-wave pairing function φs (k) = 1 [10,31]. In the chiral p− -wave superconductor considered in this paper, induced
Cooper pair components around a vortex should satisfy the
condition Lz + W = 0, where Lz is an angular momentum for
the induced components of Cooper pairs, and W is a winding
number of the component around the vortex. The s-wave
component Fs,σ σ  (E = 0,r) with Lz = 0 has finite amplitude
at the vortex center without the phase winding around the
vortex (W = 0).
In Fig. 4(b), we present the r dependence of the oddfrequency s-wave spin-triplet Cooper pairs around the vortex
core. In the chiral p-wave dz state, (↑,↓) and (↓,↑) components are dominant as explained above. On the other hand,
in the chiral p-wave dx state, the dominant components are
|Fs,↑↑ (E = 0,r)| = |Fs,↓↓ (E = 0,r)|. In the helical p-wave
state, the dominant component is Fs,↑↑ (E = 0,r). These dominant components in the three states have the same r dependence
as shown in Fig. 4(b). The amplitude of Fs,↓↓ (E = 0,r) in the

ff

helical p-wave state is very small at the vortex core compared
to |Fs,↑↑ (E = 0,r)|, since induced Cooper pair components in
↓↓ satisfy the different condition Lz + W = 2, and the amplitude of the induced s-wave component with Lz = 0 vanishes at
the vortex center due to the phase winding W = 2. Therefore,
ff
at the vortex center, |(T2zz T )−1 | in the helical p-wave state
ff
indicates the half value (12.3) to |(T1 T )−1 |(24.7) in the
ff
dz state and |(T1 T )−1 | in the dx state.
The finite odd-frequency s-wave spin-triplet Cooper pairs
around a vortex core induce the coherence terms. The equal
−1
spin components (↑,↑) and (↓,↓) contribute only to T2zz
.
ff
−1
Therefore, (T1 T ) = 0 in the two cases of the dx state
and the helical state. The spin components (↑,↓) and (↓,↑)
−1
contribute to both T1−1 and T2zz
. In the low-temperature limit,
ff
from Eq. (B4) in Appendix B, the coherence terms of (T1 T )−1
ff
and (T2zz T )−1 are described by the zero-energy amplitude
|Fs,σ σ  (E = 0,r)| of the odd-frequency s-wave spin-triplet
ff
Cooper pair, as [T1 (r)T ]−1 = −|Fs,↑↓ (E = 0,r)|2 , and
ff
−1
2[T2zz (r)T ] = −|Fs,↑↑ (E = 0,r)|2 − |Fs,↓↓ (E = 0,r)|2 +

TABLE I. Relation of the coherence terms with the DOS terms, and existence of the zero-energy odd-frequency s-wave spin-triplet Cooper
gg
pairs at the vortex center in the chiral p-wave dz and dx states, and the helical p-wave state. The value of |(T1 T )−1 | in the chiral p-wave
dz state is defined as C.
Main component of
order parameter
Chiral dz
Chiral dx
Helical (dxy)

Coherence term
 ff −1
 ff −1
T1 T
[δMz]
T2zz T
[δMx]
 gg −1
 gg −1
 − T1 T
≡−C
 + T2zz T
= +C
 gg −1
=0
 − T2zz T
= −C
=0
 − C/2
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|Fs,↑↓ (E = 0,r)|2 + |Fs,↓↑ (E = 0,r)|2 . Therefore, (T2zz T )−1
ff
is positive for dz with finite (↑,↓) and (↓,↑). And (T2zz T )−1
is negative in the other two states, since finite components
are (↑,↑) and (↓,↓). In the cases of the dz state, Fs,↑↑ (E =
0,r) = Fs,↓↓ (E = 0,r) = 0. In the two cases of the dx state
and the helical state, Fs,↑↓ (E = 0,r) = Fs,↓↑ (E = 0,r) = 0.
Since our calculations are performed at the finite temperature T /Tc0 = 0.5, the results in Fig. 4 deviate from the
relations in the low-T limit in Eq. (B4) by the contribution from finite-energy states, but they satisfy the proporgg
ff
tional relations [T1 (r)T ]−1 ∝ N (E = 0,r)2 , [T1 (r)T ]−1 ∝
2
−|Fs,↑↓ (E = 0,r)| , and also equivalent equations for the
(T2zz T )−1 case. Therefore, the relation between the DOS term
and the coherence term in Table I with C is satisfied. The details
of these relations are discussed later in Appendix B.
Lastly, we give some related discussions. In realistic materials such as Sr2 RuO4 , the Fermi surface has multiband
nature [1–3]. When multiband superconductivity is realized,
the physical quantities are given by the summation of the
contributions on the Fermi surfaces of the multibands. Therefore, if the dominant Fermi surfaces have the pair potential
with chirality −1 of the chiral p-wave superconductivity,
similar anomalous suppression of the local NMR relaxation
rates by the negative coherence effects is expected to be
observed in the vortex core region. The mechanism that the
vortex state of the pair potential with chirality −1 induces
the odd-frequency s-wave spin-triplet Cooper pairs and the
negative coherence terms is universal, and can be applied to
the multiband superconductivity.
Among the possible pairing states of Sr2 RuO4 , there remains a scenario of even-parity spin-singlet pairing [3,32,33].
As for the case of the spin-singlet s-wave or d-wave superconductors, since the odd-frequency s-wave Cooper pairs are
not induced at the vortex center, the anomalous suppression of
the NMR relaxation rates does not occur [10,34]. Therefore,
we can examine the spin components of the pairing, singlet, or
triplet, by the site-selective NMR measurements.
In this paper, we do not consider the Zeeman effect. The
Zeeman magnetic field will quantitatively affect the NMR
relaxation rates in the contribution of the relaxation process
between up- and down-spin electrons. And detailed study
belongs to future studies. However, when the orbital pair
breaking due to the vortex is dominant, the scenario for the
anomalous suppression of the NMR relaxation rates due to the
odd-frequency Cooper pairs will survive.
ff

V. SUMMARY

We studied the site r and the internal field B dependences
of the local NMR relaxation rates T1−1 and T2−1 in the vortex
lattice state of chiral p-wave (dz or dx) and helical p-wave
superconductors, based on the Eilenberger theory. We focused
on how the anomalous suppression of the local T1−1 and
T2−1 around the vortex core reflects the d-vector symmetry
of the pair potential. The anomalous suppression occurs by
the negative coherence term coming from the odd-frequency
s-wave spin-triplet Cooper pairs Fs,σ σ  . The finite spin (σ σ  )
components of Fs,σ σ  reflect the d-vector orientation, and
determine in which of T1−1 and T2−1 the anomalous suppression

occurs. Since the anomalous suppression can be observed
when the NMR relaxation direction δM is parallel to the
d-vector component, we may obtain the information of the
d-vector symmetry by comparative observation of the local
T1−1 and T2−1 at the vortex core region in the site-selective NMR
measurement. In the chiral p-wave dz (dx) state, since the
odd-frequency s-wave spin-triplet Cooper pairs Fs,↑↓(↑↑) and
Fs,↓↑(↓↓) are induced around the vortex core, the anomalous
suppression in the local T1−1 (T2−1 ) occurs. In the helical pwave state, since the odd-frequency s-wave spin-triplet Cooper
pairs Fs,↑↑ are only induced, the difference between the local
T1−1 and T2−1 is small. We hope that these theoretical results of
the local NMR relaxation rates will be examined by experiment
in spin-triplet superconductors. This observation can be also
a method to detect the spin dependence of the odd-frequency
s-wave spin-triplet Cooper pairs.
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APPENDIX A: NMR RELAXATION RATES T1−1 AND T2−1

We explain derivations of the NMR relaxation rates T1−1
and T2−1 in the quasiclassical Eilenberger theory. In the 4 × 4
matrix form for the Green’s functions


Ĝ(x,x  ) F̂ (x,x  )
(A1)
Ǧ(x,x  ) = ˆ
ˆ (x,x  )
F̄ (x,x  ) Ḡ
in particle-hole and spin spaces, the spin components of Ĝ, F̂ ,
ˆ are, respectively, defined as
F̄ˆ , and Ḡ
†

Gσ σ  (x,x  ) = − Tτ [ψσ (x)ψσ  (x  )] ,
Ḡσ σ  (x,x  ) = − Tτ [ψσ† (x)ψσ  (x  )] ,
Fσ σ  (x,x  ) = − Tτ [ψσ (x)ψσ  (x  )] ,
†

F̄σ σ  (x,x  ) = − Tτ [ψσ† (x)ψσ  (x  )] ,

(A2)

where x = (r,τ ) with the coordinate r and imaginary time
τ . The brackets · · · denote the thermal average, and Tτ
is the time-ordering operator. In the Eilenberger theory,
 the
quasiclassical Green’s function is defined as ǧ = τ̌3 dξk Ǧ,
where ξk = (k) − μ is the energy variable in the k space. (k)
is the dispersion relation of electrons, and μ is the chemical
potential. τ̌3 is the Pauli matrix defined as

σ̂0
τ̌3 =
0̂


0̂
,
−σ̂0

(A3)

where σ̂0 is the unit matrix. In Appendix A, we write the matrix
components of ǧ as
ǧ =

 11
ĝ
ĝ 21


ĝ 12
,
ĝ 22

instead of the expression in Eq. (3).
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The spin-lattice relaxation rate T1−1 is obtained from the
spin-spin correlation function
χ−+ (x,x  ) = Tτ [S− (x)S+ (x  )]
= Ḡ↓↓ (x,x  )G↑↑ (x,x  ) − F̄↓↑ (x,x  )F↑↓ (x,x  ),
(A5)

aσ σ  is shown in Eq. (12). Since T1−1 = π Tc N02 at T = Tc , we
obtain [T1 (T )T ]−1 /[T1 (Tc )Tc ]−1 in Eq. (9).
−1
of
On the other hand, we calculate the z-component T2zz
−1
the spin-spin relaxation rate T2 from the dynamical spin
susceptibility χzz , given by
ij

4χzz (x,x  ) = 4 Tτ [Sz (x)Sz (x  )]
= Ḡ↑↑ (x,x  )G↑↑ (x,x  ) − F̄↑↑ (x,x  )F↑↑ (x,x  )

where
†

†

S− (x) = ψ↓ (x)ψ↑ (x), S+ (x) = ψ↑ (x)ψ↓ (x).

+ Ḡ↓↓ (x,x  )G↓↓ (x,x  ) − F̄↓↓ (x,x  )F↓↓ (x,x  )

(A6)

− Ḡ↑↓ (x,x  )G↑↓ (x,x  ) + F̄↑↓ (x,x  )F↑↓ (x,x  )

The Fourier transformation of χ−+ is
β

χ−+ (r,r  ; im ) =

dτ eim τ χ−+ (r,r  ; τ )

− Ḡ↓↑ (x,x  )G↓↑ (x,x  ) + F̄↓↑ (x,x  )F↓↑ (x,x  )

=
Sσ σ  [Ḡσ σ  (x,x  )Gσ σ  (x,x  )

(A7)

0
β

=

σσ

dτ eim τ [Ḡ↓↓ (r,r  ; τ )G↑↑ (r,r  ; τ )

− F̄σ σ  (x,x  )Fσ σ  (x,x  )],

0

(A8)
− F̄↓↑ (r,r  ; τ )F↑↓ (r,r  ; τ )]

1
=
[Ḡ↓↓ (r,r  ; iωn )G↑↑ (r,r  ; im − iωn )
β ω
n

− F̄↓↑ (r,r  ; iωn )F↑↓ (r,r  ; im − iωn )]
(A9)
with Bose-Matsubara frequency m and β ≡ (kB T )−1 .
For the quasiclassical approximation as done in
Refs. [8,9,34,35], in the limit r → r  the Green’s functions
are rewritten using the transformation

where
†

d k
A(r,k)eik r̄
(2π )3


≈ N0 dξk A(r,kF ,ξk ) ,
r̄→0

1 −1
χzz (r,r,im → + iδ)
T2zz (r,T ) = T lim Im
(A17)
→0
2

is calculated as in the similar methods to the derivation of T1−1 , and we obtain [T2zz (T )T ]−1 /[T2zz (Tc )Tc ]−1
in Eq. (14).
APPENDIX B: BEHAVIORS OF T1−1 AND T2−1
IN THE LOW-TEMPERATURE LIMIT

In the limit of low temperature T → 0, T1−1 in Eq. (9) and
in Eq. (14) are, respectively, reduced to

T2−1

[T1 (r)T ]−1
gg
ff
= Wsl (E = 0,r) + Wsl (E = 0,r),
[T1 (Tc )Tc ]−1
[T2zz (r)T ]−1
2
[T2zz (Tc )Tc ]−1

gg
ff
=
Sσ σ  Wσ σ  (E = 0,r) + Wσ σ  (E = 0,r) .

kF


with r̄ ≡ r − r . In the following, for simplicity, we rewrite
the Fermi velocity kF →k. Therefore, the quasiclassical form
of the local χ−+ is written as
χ−+ (r,r; im )
1  22
= N02
[ g↓↓ (iωn ,r,k)
β ω

k

11
g↑↑
(im − iωn ,r,k)

12
g↑↓
(im − iωn ,r,k) k ].

k

k

(A12)

Using the spectral representation
ij

gσ σ  (iωn ,r,k) =

∞

ij

dω
−∞

aσ σ  (ω,r,k)
iωn − ω

(A13)

and an analytic continuation im → + iδ, we obtain the local
spin-lattice relaxation rate T1−1 as
χ−+ (r,r,im → + iδ)

∞
1
dE
cosh2 (E/2T )
−∞

T1−1 (r,T ) = T lim Im
→0

=

π N02
4

22
× [ a↓↓
(E)

−

k

21
a↓↑
(E) k

11
a↑↑
(−E)

(B2)

These indicate that the zero-energy contribution is dominant
at T → 0.
Using the following relations, we obtain the relations for
the zero-energy excitations and the odd-frequency spin-triplet
Cooper pairs from Eq. (12). Between advanced and retarded
Green’s functions, there are relations gσRσ  (E) = −gσA∗ σ (E)
and f¯σRσ  (E) = fσA∗
 σ (E). From the parity in the E dependence of odd-frequency spin-triplet Cooper pairs, f¯σRσ  (E) =
−fσR∗
 σ (−E). In addition, in the spin-triplet superconductR
R
(E) = g↓↑
(E) = 0 and
ing state without Zeeman effects, g↑↓
R
R
(E) = f↓↑
(E). In the limit E → 0, we obtain
f↑↓
1 R
g  (E,r,k) + gσR∗ σ (E,r,k)
2 σσ
1 R
g  (E,r,k) + gσR∗σ  (E,r,k)
=
2 σσ
→ Re gσRσ  (E = 0,r,k) δσ σ  ,

aσ11σ  (E,r,k) =

k

12
a↑↓
(−E) k ].

(B1)

σσ

n

21
− g↓↑
(iωn ,r,k)

(A16)

Therefore,

(A10)
(A11)

†

2Sz (x) = ψ↑ (x)ψ↑ (x) − ψ↓ (x)ψ↓ (x).

3

A(r,r) = lim

(A15)

(A14)
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1 R
ḡ  (E,r,k) + ḡσR∗ σ (E,r,k)
2 σσ
1 R
ḡ  (E,r,k) + ḡσR∗σ  (E,r,k)
=
2 σσ
→ Re ḡσRσ  (E = 0,r,k) δσ σ  ,

aσ22σ  (E,r,k) =

i R
f  (E,r,k) − f¯σR∗
 σ (E,r,k)
2 σσ
i R
f  (E,r,k) + fσRσ  (−E,r,k)
=
2 σσ
→ ifσRσ  (E = 0,r,k),

aσ12σ  (E,r,k) =

i ¯R
f  (E,r,k) − fσR∗
 σ (E,r,k)
2 σσ
i
R∗
= − fσR∗
 σ (−E,r,k) + fσ  σ (E,r,k)
2
(B3)
→ −ifσR∗
σ  (E = 0,r,k),

aσ21σ  (E,r,k) =

where δσ σ  = 1 when σ = σ  and δσ σ  = 0 when σ = σ  .
Therefore, in the low-energy limit, the DOS term and the
coherence term of (T1 T )−1 and (T2zz T )−1 in the vortex core
region are, respectively, reduced to
−1
gg
T1 (T )T
[T1 (Tc )Tc ]−1

R
= Re[ḡ↓↓
(E = 0)]

k

R
Re[g↑↑
(E = 0)]

FIG. 5. (a) E dependence of |Fs,↑↑ (r = 0)| and |N↑ (r = 0)| at
the vortex center for the helical p-wave states. H /Hc2  0.023
and T /Tc0 = 0.5. (b) H dependence of |Fs,↑↑ (E = 0,r = 0)| and
|N↑ (E = 0,r = 0)| at the vortex center for the helical p-wave states.
T /Tc0 = 0.5.

relations | gσRσ (E) k | = | fσRσ (E) k | = | f¯σRσ (E) k | given by
the Kramer-Pesch approximation, we obtain

k

ff

= N↓ (E = 0)N↑ (E = 0),
−1

ff

T1 (T )T
R
= −| f↑↓
(E = 0) k |2 = −|Fs,↑↓ (E = 0)|2
[T1 (Tc )Tc ]−1
R
= −| f↓↑
(E = 0) k |2 = −|Fs,↓↑ (E = 0)|2 ,

2

−1
gg

T2zz (T )T
=
δσ σ  Re gσRσ  (E = 0)
−1
[T2zz (Tc )Tc ]
σσ

2
k

= N↑ (E = 0)2 + N↓ (E = 0)2 ,
2

−1
ff

 R
2
T2zz (T )T

=
−
Sσ σ   fs,σ
σ  (E = 0) k
−1
[T2zz (Tc )Tc ]

σσ

=−
Sσ σ  |Fs,σ σ  (E = 0)|2 ,

(B4)

σσ
R

where ḡˆ (E,r,k) = ĝ R (−E,r,k), and Eqs. (17) and (18) are
used.
Further, in the low-energy limit at low T and the limit of a
single vortex at low H , in the chiral p-wave dz state we have
the relations | gσRσ (E) k | = | fσRσ  (E) k | = | f¯σRσ  (E) k | with
σ = σ  by the Kramer-Pesch approximation for low-energy
states [36,37]. Then, we obtain the relation for the coherence
terms as
ff

−1

gg

−1

T1 (T )T
T (T )T
=− 1
,
−1
[T1 (Tc )Tc ]
[T1 (Tc )Tc ]−1
ff

T2zz (T )T
T2zz (Tc )Tc

−1
−1

gg

=

(B5)

−1

T2zz (T )T
,
[T1 (Tc )Tc ]−1

−1

gg

−1

T2zz (T )T
T (T )T
= − 2zz
,
[T2zz (Tc )Tc ]−1
[T1 (Tc )Tc ]−1

(B6)

R
R
(E = 0) k | = | f↓↑
(E =
at the vortex core region, since | f↑↓
0) k |=0. In the chiral p-wave dx state, using the

(B7)

R
R
(E = 0) k | = | f↓↓
(E = 0) k |=0. These relations
since | f↑↑
for the chiral p-wave states in Eqs. (B5)–(B7) are consistent
with the calculation results of the negative coherence terms in
the vortex core region at finite temperature and magnetic field
in Fig. 4(a) and Table I.
In addition, up-spin pairs and excitations in the helical pR
R
wave state satisfy the relations | g↑↑
(E) k | = | f↑↑
(E) k | =
R
| f¯↑↑ (E) k | given by the Kramer-Pesch approximation, since
up-spin pairs’ order parameter ↑↑ has the pairing function φp−
R
with the chirality Lz = −1 [27]. On the other hand, | f↓↓
(E =
0) k | = 0 at the vortex center. Therefore, in the helical p-wave
state,
ff

−1

T (T )T
R
R
= −| g↑↑
(E = 0) k |2 − | f↓↓
(E = 0) k |2
2 2zz
[T2zz (Tc )Tc ]−1
R
= −N↑ (E = 0)2 − | f↓↓
(E = 0) k |2

∼ −N↑ (E = 0)2 ,

(B8)

R
since | f↓↓
(E = 0) k | shows a small amplitude in the vortex
R
(E = 0) k |.
core region compared to the large amplitude | f↑↑
From the definitions of the local DOS Nσ (E,r) =
Re[gσRσ (E,r,k)] k and the spin-dependent s-wave Cooper
pair Fs,σ σ  (E,r) = fσRσ  (E,r,k) k , the relations between the
| gσ σ  (E) | and | fσ σ  (E) | obtained from Kramer-Pesch approximation are rewritten by Nσ (E,r) and |Fs,σ σ  (E,r)|. As
R
R
shown in Fig. 5(a), the relation | g↑↑
(E) k | = | f↑↑
(E) k |, i.e.,
|Fs,↑↑ (E,r = 0)| = |N↑ (E,r = 0)|, for the helical p-wave
state is confirmed at the low |E| region, not only E = 0, by
our numerical calculations at a low field H /Hc2 = 0.023 and
a finite temperature T /Tc0 = 0.5. The chiral p-wave cases
are also confirmed. Therefore, the relations between the DOS
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term and the coherence term for the chiral p-wave states in
Eqs. (B5)–(B7) are consistent with our calculation results
in Fig. 4 and Table I. Due to the contributions from finite
energies Nσ (E,r) and |Fs,σ σ  (E,r)|, the results in Fig. 4 at
finite temperature deviate from Eq. (B8) from the relations
Eq. (B4) in the low-T limit.

In addition, Fig. 5(b) shows that the condition |N↑ (E =
0,r = 0)| = |Fs,↑↑ (E = 0,r = 0)| is sustained at finite H ,
while small deviations from the relation appear with increasing
H . B dependences of the local T1−1 in the chiral p-wave dz
states at various applied fields are investigated in a previous
study [10].
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